Economics 2301

Lecture 38

Constrained Optimization



Interpreting Lagrange
[Multiplier
With our Lagrangian function, we have

a new variable, A, the Lagrange
multiplier.

The Lagrange multiplier, A, represents
the effect of a small change in the
constraint on the optimal value of the
objective function.



Proof of Interpretation

Consider t he optimal value of a constraine d maximizati on
problem inwhicht he objective function is f(x,y) and there
Isone constraint g(x,y) = c. Call the optimal value of the two
arguments x*(c) and y*(c). At the optimum
g(x*(c),y* (c)) = c. Using the chain rule we take the derivative
of both sides of this expression .
Ig(x*(c).y* (¢)) fix*(c) , og(x*(c)y* () py*(c) _,

0X dc oy dc
Use the chain rule to differenti ate the optimal value of objective.

df (x“(©)y*()) _ 9fee(©)y* () fix* () , Af(e(©)y* () Ay * (0)
dc 0X dc oy dc




[Proof Continued.

Thefirst - order conditionsrequire

0f (x* (), y* () _ , 99(x* (c). y* (©))
0X OX

and

of (x*(9,y*(©) _ ; 09(x* (©).¥*(©) g pgituting, we get
dy dy ’

df (x* (), y* (9) _ ,[ 99(x* (c). y* () dx* (c) , 9g(x* (c). y* (c)) dy* (c)
dc 0X dc oy dc

Thetermin the bracket isequal to1, hence

df (x* (©).y*(©) _
dc




Utility Max Example

For example of watching movies and exercise,

_8-In(2)
Jx=zeM =g 3 =g %%f =(0.0875

Utility at the optimal values is

U* =100-e2X —e™™ =100 — g 3128 _ g=2:43%6

=100 —.0438 —.0875 =99.8687

Suppose we have 5 hours for movies and exercise.

X** =1.8977, M ** =3.1023, A ** = 0.0449

U ** = 100 _e-ZX _ e—M ~ 100 _ e—3.7954 _ e—3.1023

=100 - 0.0225 - 0.0449 = 99.9326

AU =U **-U* =99,9326 —99.8687 = 0.0639

_AF+A** 0.0875 +0.0449
2

= 0.0662




Interpreting the Lagrange
[Multiplier

In other contexts, the Lagrange multiplier may be
Interpreted differently. For example, if the
objective function represents the profit function
from undertaking an activity and the constraint
reflects a limit on using an input to that activity,
the Lagrange multiplier reflects the marginal
benefit from having additional input. In this case
the Lagrange multiplier represents the price a
firm would be willing to pay per unit of additional
Input, which is known as the shadow price of the

Input.
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Envelope Theorem

We have the objectivefunction, f(x1 X, B, )

subject to theconstraint g(x,,--, X, B+, B, ) =0

The x arechoicevariablesand the £, are parameters.

TheLagrangianis

|_(xl,...,xn”31,...”3 )— ( X ﬁ1”°’13m)
-29(X 2 X0 Bur+ 1 B)

Thefirst - order conditionsare

f,ﬁ —Agﬁ =0 fori=12,...,n and

(%, %y By Bn) =0



Envelope Theorem Continued

Given asolution, we define the maximum valuefunction as
F(lgl’”°’18m): f(XI(IBl’.”’ﬁm)’”.’X:l(ﬁP”'1ﬁm);181’”'1ﬁm)1
The chain rule shows that the derivative of the maximum vaue
function with respect to the parameter S; is

F dx, ot £ dx; +f,

Bi T x dﬁj dlg B

Thefirst - order condition f, =g, fori =1,...,n, can be used to show

that, at the optimum, the derivative of the maximum value

function is
B _Agxd—X1+ '+Agx an +f
J : d,Bj d,B



Envelope Theorem Continued

Differenti ating the constraint evaluated at the optimal level of
the variables , in a manner analogous to previous dlide, gives us
Xm +..-+ 0, %+ 95. =0

B, " dg; |

or, equivalent ly, the term in the parenthese sin the second line
of the derivative of the maximum value function is

g dXI +..-+(Q d_X:l =-g
deﬂj X d,BJ Bj

Substituti ng this expression into the derivative of the maximum
value function gives us the general statement of the Envelope
Theorem :Fﬁj = fﬂj —Agﬂj.

g,

Expressing thisinterms of the Lagrangian function for the
constraine d optimizati on problem Fﬁj =L 5, .



Envelope Theorem Conclusion

The envelope theorem shows that the effect of a
small change in a parameter of a constrained
optimization problem on its maximum value can be
determined by considering only the partial
derivative of the objective function and the partial
derivative of the constraint with respect to that
parameter.

To a first approximation, it is not necessary to
consider how a small change in a parameter affects
the optimal value of the variables of the problem in
order to evaluate the change in its maximum value.



Average Cost Curves

Our short - run cost minimization problemis

LINK A, rw,Y) = N +rK = a(f (NK ) )

The maximum valuefunction for our short - run problemis
C(R, rw, Y) and its partial derivativewith respect tooutput is

OL(N" K A, 1,W,Y)
oY
The Lagrangianfor thelong- run problemis

L(N,K, A, 1 w,Y)) = =[wWiN +rK = A(f(N,K)=Y)]
The maximum valuefunctionisC(w,r,Y).

C, =

|N:_/]



Average Cost Function cont.

The partia derivativeof thelong-run maximum valuefunction

(N K" arw, )
oY
Thisisthesameasthe partial derivativeof theshort - run

maximum valuefunction with respect to Y. Thisimpliesthe
slopeof thelong- run total cost curveequalsthe slope of

the short - run total cost curvewith thefixed and variable
level of capital. Hence, thesameistruefor theaverage

COSt Curves.

sc, =0k

|N,K = =4
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